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LATTICES AND CORRECTION TERMS
KYLE LARSON
Abstract. Let L be a nonunimodular definite lattice, L∗ its dual lattice, and λ
the discriminant form on L∗/L. Using a theorem of Elkies we show that whether L
embeds in the standard definite lattice of the same rank is completely determined
by a collection of lattice correction terms, one for each metabolizing subgroup of
(L∗/L, λ). As a topological application this gives a rephrasing of the obstruction
for a rational homology 3–sphere to bound a rational homology 4–ball coming from
Donaldson’s theorem on definite intersection forms of 4–manifolds. Furthermore,
from this perspective it is easy to see that if the obstruction to bounding a rational
homology ball coming from Heegaard Floer correction terms vanishes, then (under
some mild hypotheses) the obstruction from Donaldson’s theorem vanishes too.
1. Introduction
In [Elk95] Elkies showed that every unimodular positive definite lattice L of rank
n contains characteristic vectors with square less than or equal to n, and if there are
no characteristic vectors with square strictly less than n then L is isomorphic to the
standard lattice (Zn, I). One can define a lattice correction term
(1) dL = min
{χ2 − n
4
}
,
where the minimum is over all characteristic vectors χ ∈ L (see [Gre13]). This is
well-defined for all positive definite unimodular lattices, and Elkies’ result translates
to the statement that dL ≤ 0 and dL = 0 if and only if L is isomorphic to the standard
lattice. Our first goal is to generalize this to the case where L is not unimodular. In
this setting one can ask whether a definite lattice embeds in the standard lattice of
the same rank.
Recall that we have a sequence 0→ L→ L∗
pi
−→ L∗/L→ 0, and L is nonunimodular
if and only if the discriminant group L∗/L is non-trivial. There is a one-to-one
correspondence between metabolizers M < L∗/L and unimodular lattices U with
L ⊂ U ⊂ L∗, given by U := pi−1(M) (Proposition 4). (Recall that a metabolizer is a
subgroup M with |L∗/L| = |M |2 and such that the discriminant form λ is identically
zero on M .) For a metabolizer M we denote the corresponding unimodular lattice
U(M). Then U(M) will necessarily be positive definite of rank n, and hence we
have a lattice correction term dU(M). We derive the following as a corollary of Elkies’
theorem.
Theorem 1. For L a positive definite lattice of rank n, consider the set D := {dU(Mi)}
of lattice correction terms, where we range over all metabolizers Mi < L
∗/L. Then L
embeds in the standard lattice of rank n if and only if D contains 0.
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Note that D is a finite set since L∗/L is a finite group, and D is empty (and hence
L does not embed in the standard lattice) if there do not exist any metabolizers.
Our main interest in this result is in application to the following question in low-
dimensional topology:
Question ([Kir78], Problem 4.5). When does a rational homology 3–sphere bound a
rational homology 4–ball?
We are interested in the relationship between two obstructions to a rational homol-
ogy 3–sphere Y smoothly bounding a rational homology 4–ball. Suppose Y bounds a
smooth positive definite 4–manifold X , and we will make the simplifying assumption
that H1(X) = 0. If Y bounds a smooth rational homology ball W as well, we can
form a smooth, closed, definite 4–manifold Z = X ∪Y −W . By Donaldson’s theo-
rem [Don83, Don87] on definite intersection forms of smooth, closed 4–manifolds, the
lattice (H2(Z), QZ) must be isomorphic to the standard lattice. It then follows that
the lattice (H2(X), QX) must embed in the standard lattice of the same rank. This
is what we call the obstruction to Y bounding a rational homology ball coming from
Donaldson’s theorem.
By Theorem 1, the obstruction coming from Donaldson’s theorem is completely
determined by a collection of lattice correction terms, one for each metabolizing sub-
group of (H1(Y ), λ) (in this context λ is known as the linking form). Then work of
Ozsva´th and Szabo´ [OSz03a] shows that the Heegaard Floer corrections terms of Y
put bounds on the values of these lattice correction terms (indeed, the definition (1)
of lattice correction terms is motivated by properties of Heegaard Floer correction
terms, see Section 3). We use these bounds to show that the vanishing of the Hee-
gaard Floer correction terms d(Y, t) on a metabolizing subgroup (in fact a slightly
weaker condition) implies that (H2(X), QX) embeds in the standard lattice of the
same rank.
Theorem 2. Suppose Y is a rational homology 3–sphere such that d(Y, t) ≥ 0 for
all spinc structures t with PD(c1(t)) belonging to some fixed metabolizer M of H1(Y ).
Then if Y bounds a smooth positive definite 4–manifold X with H1(X) = 0, the lattice
(H2(X), QX) must embed in the standard lattice of the same rank.
Furthermore, if the correction terms d(Y, t) corresponding to a metabolizer M as
above are all strictly positive, then Y cannot bound a positive definite 4–manifold
X with H1(X) = 0 (Proposition 8). Recall that if Y bounds a rational homology
ball, then d(Y, t) = 0 for all spinc structures t that extend over the rational homology
ball. This can be interpreted in a convenient way if we further assume that Y is
a Z/2Z-homology sphere (so |H1(Y )| is odd). In particular, if such a Y bounds a
rational homology ball then there exists a metabolizer M such that d(Y, t) = 0 for
all spinc structures t with PD(c1(t)) ∈ M (see, for example, [HLR12]). This is what
we call the obstruction to a Z/2Z-homology sphere Y bounding a rational homology
ball coming from correction terms, and hence Theorem 2 shows that (in this context)
the obstruction to bounding a rational homology ball coming from Heegaard Floer
correction terms is always at least as strong as that coming from Donaldson’s theorem.
Note that if d(Y, t) = 0 for all spinc structures t with PD(c1(t)) ∈ M , then −Y also
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satisfies the conditions of Theorem 2 (since d(−Y, t) = −d(Y, t)), and so by reversing
orientation we get a statement that also applies to negative definite fillings of Y .
Corollary 3. If Y is a Z/2Z-homology sphere on which the correction term ob-
struction to bounding a rational homology ball vanishes, then for any smooth (pos-
itive or negative) definite 4–manifold X with H1(X) = 0 and ∂X = Y , the lattice
(H2(X), QX) must embed in the standard lattice of the same rank.
When Y is not a Z/2Z-homology sphere, the first Chern class mapping is no longer
a bijection, and Theorem 2 is less useful. For example, the lens space L(4, 1) (which
does bound a rational homology ball) does not satisfy the hypotheses of Theorem 2,
since PD(c1(t)) belongs to the unique metabolizer for each spin
c structure on L(4, 1),
and there exists a spinc structure whose corresponding correction term is negative.
That there is a close relationship between Donaldson’s theorem and the correction
terms of Heegaard Floer homology was already established in the original paper defin-
ing correction terms [OSz03a]. Indeed, using the theorem of Elkies mentioned above,
Ozsva´th and Szabo´ gave a new proof of Donaldson’s theorem using properties of the
unique correction term d(N) for an integral homology sphere N (this mirrored an-
other proof in Seiberg-Witten Floer theory [Frø96]). Furthermore, they showed that
the obstruction to an integral homology 3–sphere bounding an integral homology
4–ball coming from correction terms is at least as strong as that coming from Don-
aldson’s theorem. More precisely, suppose N bounds a positive definite 4–manifold
X . Then if d(N) = 0 (which must be the case if N bounds an integral homology
ball), QX must be isomorphic to the standard form [OSz03a] (note that Corollary 3
is a generalization of this statement).
If we are dealing with a rational rather than integral homology sphere, the two
obstructions are slightly more complicated, as we described above. The extra compli-
cation in the case of Donaldson’s theorem is because we have to consider embeddings,
rather than isomorphisms, of lattices; in the case of correction terms it is because there
is no longer a unique correction term, but rather a collection of correction terms cor-
responding to the set of spinc structures on the 3–manifold.
Nonetheless, relations between these two obstructions for rational homology spheres
have appeared previously in the literature, usually in more specific contexts. In
[GJ11] Greene and Jabuka showed that in the application of these obstructions to
showing that certain types of knots (e.g. alternating knots) are not slice, one can view
the correction term obstruction as a second-order obstruction after the vanishing of
the obstruction coming from Donaldson’s theorem (see [GJ11] Theorem 3.6 and the
preceding exposition). More recently, Greene [Gre17] showed that in certain special
cases these two obstructions can be used to achieve the same purpose. For example,
he showed that either obstruction is sufficient to classify which lens spaces L(p, q)
with odd p bound rational homology balls (which had been carried out by Lisca
[Lis07] using the obstruction from Donaldson’s theorem, including those with even
p). Indeed, the proof of Theorem 2 is very similar to the ideas presented in [Gre17,
Proposition 2.1]. In particular, one direction of Greene’s argument gives Corollary 3
when H1(Y ) is cyclic. Hence the present note can be thought of as a companion to
that paper, where here we take a more general and elementary perspective.
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2. lattices
First we develop the necessary terminology about lattices (cf. [Gre13, Section 2]).
In this paper a lattice (L,Q) is a finite rank free abelian group L together with a
symmetric, bilinear form Q : L × L → Q. We will assume that Q is nondegenerate,
i.e., for every non-zero x ∈ L there exists some y ∈ L such that Q(x, y) 6= 0. Usually
the form will be understood and we will just say L is a lattice. If the image of the
form lies in Z, then the lattice will be called integral. We will always use L to denote
an integral lattice. An isomorphism of lattices is an isomorphism of the free abelian
groups that preserves the forms, and an embedding of lattices is a monomorphism
that preserves the forms.
We say L is positive definite if the rank of Q equals its signature, and negative
definite if the rank of Q equals −1 times the signature. The standard positive definite
lattice, or more simply, the standard lattice (of rank n), is (Zn, I). This means that
in a chosen basis the form is represented by the identity matrix.
The form Q extends to a rational valued form on L ⊗ Q, and the dual lattice L∗
is defined as the subset L∗ = {x ∈ L ⊗ Q | Q(x, y) ∈ Z, ∀y ∈ L}. The quotient
L∗/L is called the discriminant group, and its order is the discriminant of L, denoted
disc(L). If disc(L) = 1, then we say L is unimodular. Note that we have a sequence
0 → L → L∗
pi
−→ L∗/L → 0. We can define a symmetric, bilinear form λ : (L∗/L) ×
(L∗/L) → Q/Z, called the discriminant form, as follows. For any x, y ∈ L∗/L, take
lifts x¯, y¯ ∈ L∗ (so pi(x¯) = x and pi(y¯) = y), and define λ(x, y) = −Q(x¯, y¯) (mod 1).
As mentioned in the introduction, a subgroup M < L∗/L satisfying disc(L) = |M |2
and λ|M×M ≡ 0 is called a metabolizer. The following proposition is well-known in
various forms (see [Jab12, Lemma 2.5]), and is central to our argument.
Proposition 4. There is a one-to-one correspondence between metabolizers of (L∗/L, λ)
and unimodular integral lattices U with L ⊂ U ⊂ L∗, given by the assignment
U(M) := pi−1(M), for each metabolizer M .
Proof. The map pi induces a bijection between subgroups of L∗ containing L and
subgroups of L∗/L. For such a subgroup U ⊂ L∗ containing L, the rational valued
formQ on L∗ restricts to an integral form on U if and only if λ vanishes on pi(U)×pi(U).
To see this, recall that for x¯, y¯ ∈ U , Q(x¯, y¯) ≡ −λ(pi(x¯), pi(y¯)) (mod 1). Finally, U is
unimodular if and only if U = U∗, or equivalently, if [U∗ : U ] = 1. Now
disc(L) = [L∗ : L] = [L∗ : U∗][U∗ : U ][U : L],
and since [U : L] = [L∗ : U∗] by Lemma 5 below, we have
disc(L) = [U∗ : U ]([U : L])2 = [U∗ : U ]|pi(U)|2.
Hence U is unimodular if and only if |pi(U)|2 = disc(L).

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Lemma 5. Let L′ be an integral lattice with L ⊂ L′ ⊂ L∗. Then [L′ : L] = [L∗ : (L′)∗].
Proof. Let H = pi(L′), so H ∼= L′/L. Furthermore let H◦ denote its annihilator,
that is, the subgroup of L∗/L consisting of all elements that pair trivially with every
element of H under λ. Observe that H◦ = pi((L′)∗). We claim that (L∗/L)/H◦ ∼= H .
To see this, note that the map ψ : L∗/L→ Hom(L∗/L,Q/Z) given by ψ(x) = λ(x, ·)
is an isomorphism since λ is nondegenerate (see [Wal63], especially Sections 1 and 7).
Indeed, for each x ∈ L∗/L there exists some y ∈ L∗/L such that λ(x, y) = 1/n ∈ Q/Z,
where n is the order of x. We get a map ψ′ : L∗/L → Hom(H,Q/Z) ∼= H by
restricting the domain of each ψ(x) to H . Then ψ′ has image isomorphic to H and
kernel H◦, giving (L∗/L)/H◦ ∼= H . It then follows that
[L′ : L] = |H| = |(L∗/L)/H◦| = [L∗ : (L′)∗],
completing the proof. 
We introduce some additional terminology. A characteristic covector χ ∈ L∗ is an
element such that Q(χ, y) ≡ Q(y, y) (mod 2) for all y ∈ L. Let Char(L) denote the
set of characteristic covectors. If a characteristic covector χ actually lies in L (as
will always be the case when L is unimodular), we can simply call χ a characteristic
vector. As in the introduction, if L is unimodular and positive definite, we have a
well-defined lattice correction term
dL = min
χ∈Char(L)
{χ2 − rk(L)
4
}
.
([Gre13] contains an extended discussion of this invariant.) In this language we can
state the result of Elkies as follows.
Theorem 6 ([Elk95]). For L a unimodular positive definite lattice, dL ≤ 0 and dL = 0
if and only if L is isomorphic to the standard lattice.
Hence the lattice correction term completely determines when a unimodular posi-
tive definite lattice is isomorphic to the standard lattice. We can combine Theorem
6 and Proposition 4 to characterize which nonunimodular positive definite lattices
embed in the standard lattice. Let L be such a lattice, and M < L∗/L be a metabo-
lizer. Since L is positive definite, U(M) is positive definite as well, since L ⊂ U(M)
and both lattices have the same rank. Hence we can define a set D := {dU(Mi)} of
lattice correction terms, where we range over all metabolizers Mi < L
∗/L. Recall
that Theorem 1 from the introduction states that L embeds in the standard lattice
of the same rank if and only if D contain 0. We prove this theorem now.
Proof of Theorem 1. If D contains 0, then some U(M) satisfies dU(M) = 0. By The-
orem 6, U(M) is isomorphic to the standard lattice. Since L ⊂ U(M), one direction
of the proof is finished.
In the other direction, suppose L embeds in the standard lattice (Zn, I) of the same
rank. Hence we can suppose L ⊂ Zn, and tensoring with Q shows that (Zn, I) ⊂ L∗ ⊂
L ⊗ Q. By Proposition 4, (Zn, I) = U(M) for some metabolizer M , and Theorem 6
implies that dU(M) = 0. This completes the other direction of the proof. 
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Let n denote the rank of L (and U(M)). Recall that dU(M) is defined as
(2) dU(M) = min
χ∈Char(U(M))
{χ2 − n
4
}
.
Since L ⊂ U(M) ⊂ L∗, Char(U(M)) ⊂ Char(L). Indeed, Char(U(M)) is a subset
of those characteristic covectors of L∗ that map to elements ofM under the projection
pi. Hence from (2) we obtain
(3) dU(M) ≥ min
χ∈Char(L)
pi(χ)∈M
{χ2 − n
4
}
.
This will be useful in the next section. Note that it is possible to show we have
equality in (3) if disc(L) is odd.
3. Rational homology spheres and correction terms
We now turn to the topological application discussed in the introduction. Let Y
be a rational homology 3–sphere that bounds a smooth positive definite 4–manifold
X with H1(X) = 0. By the long exact sequence of the pair (X, Y ) we get the
presentation
(4) 0→ H2(X)→ H2(X, Y )→ H1(Y )→ 0.
Under suitable choices of bases, the map H2(X) → H2(X, Y ) is given by the ma-
trix representing the intersection form QX (see, for example, [GS99, Exercise 5.3.13
(f)]). Furthermore, if we let L denote the lattice (H2(X), QX), the dual lattice L
∗ is
identified with (H2(X, Y ), Q
−1
X ), and (4) becomes
(5) 0→ L
QX−−→ L∗
pi
−→ L∗/L→ 0.
In this context the discriminant form is called the linking pairing λ on H1(Y ) ∼= L
∗/L,
and is defined by λ(x, y) = −(QX)
−1(pi−1(x), pi−1(y)) (mod 1). Note that this is
independent of the choice of the 4-manifold X .
As explained in the introduction, a consequence of Donaldson’s theorem is that if Y
smoothly bounds a rational homology ball, then the lattice L = (H2(X), QX) embeds
in the standard lattice of the same rank. By Theorem 1, this condition is completely
determined by the collection of lattice correction terms {dU(Mi)}, where we range over
metabolizers of (H1(Y ), λ). These lattice correction terms are in turn bounded by the
Heegaard Floer correction terms of Y , as we now describe. Recall that in Ozsva´th
and Szabo´’s Heegaard Floer homology, correction terms are rational valued invariants
of spinc rational homology spheres that are preserved under spinc rational homology
cobordism. For Y with spinc structure t, the corresponding correction term is denoted
d(Y, t). We have the following important inequality.
Theorem 7 ([OSz03a]). Let Y be a rational homology sphere that bounds a positive
definite 4–manifold X. If s is a spinc structure on X with s|Y = t, then
(6)
1
4
(c1(s)
2 − rk(H2(X))) ≥ d(Y, t).
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0 0
Spinc(Y ) H2(Y ) H1(Y )
Spinc(X) H2(X) H2(X, Y )
H2(X, Y ) H2(X)
c1 PD
c1 PD
PD
Figure 1. A commutative diagram.
Now we relate this to lattices. The first Chern class mapping and Poincare´ duality
provide a bijection between spinc structures on X and characteristic covectors in
H2(X, Y ) ([GS99, Proposition 2.4.16]). Under this bijection, a spin
c structure s on
X that extends a spinc structure t on Y corresponds to a characteristic covector χ in
H2(X, Y ) = L
∗, such that pi(χ) = PD(c1(t)). (See Figure 1.) Then (6) implies that
1
4
(χ2− rk(H2(X))) ≥ d(Y, t) for each such χ. (Other applications of these bounds can
be found in [OS06] and [GW13].) For a metabolizer M , we can combine this with
the inequality (3) and Theorem 6 to obtain
(7) 0 ≥ dU(M) ≥ min
χ∈Char(L)
pi(χ)∈M
{χ2 − rk(H2(X))
4
}
≥ min
t∈Spinc(Y )
PD(c1(t))∈M
{
d(Y, t)
}
.
Note that we would have a contradiction if there exists a metabolizer M for H1(Y )
with
min
t∈Spinc(Y )
PD(c1(t))∈M
{
d(Y, t)
}
> 0,
and so such a Y cannot bound a smooth positive definite 4–manifold X with H1(X) =
0. We record this here as a proposition. Note that this generalizes a theorem for
integral homology spheres [OSz03a, Corollary 9.8], and for rational homology spheres
there are similar results by Owens and Strle [OS12a] (see Theorem 2 and Proposition
5.2).
Proposition 8. Suppose a rational homology sphere Y has a metabolizer M for
(H1(Y ), λ) for which d(Y, t) > 0 for each spin
c structure t with PD(c1(t)) ∈ M .
Then Y cannot bound a smooth positive definite 4–manifold X with H1(X) = 0.
We can now prove the second theorem from the introduction.
Proof of Theorem 2. Recall we are assuming that Y is a rational homology 3–sphere
that bounds a positive definite 4–manifold X with H1(X) = 0, and that there ex-
ists a metabolizer M of H1(Y ) such that d(Y, t) ≥ 0 for all spin
c structures t with
PD(c1(t)) ∈ M . By Proposition 8, there must be at least one such t such that
d(Y, t) = 0, and hence
min
t∈Spinc(Y )
PD(c1(t))∈M
{
d(Y, t)
}
= 0.
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Then equation (7) implies that dU(M) = 0, and by Theorem 1 the lattice (H2(X), QX)
must embed in the standard lattice of the same rank. 
4. Examples
Finally we give a couple of examples to illustrate these ideas. First we consider
(+9)-surgery on the left-handed trefoil, S39(T−2,3). Let Y denote this 3–manifold. The
correction terms of surgeries on torus knots can be computed readily by combining
work of [NW15] and [BL14] (see, for example, [AG17]). Then for the unique metab-
olizer of H1(Y ), one can check that the corresponding correction terms are {2, 0, 0}.
Since one of these is nonzero, the correction term obstruction shows that S39(T−2,3)
does not bound a rational homology ball. On the other hand, Theorem 2 states that
for every positive definite 4–manifold X with H1(X) = 0, the lattice (H2(X), QX)
must embed in the standard lattice of the same rank. Indeed it easy to check this
condition for the two obvious positive definite 4–manifolds bounded by Y : the 2-
handlebody given by the trace of the surgery, and the canonical definite plumbing
associated to S39(T−2,3) as a Seifert fibered space. However, Y also bounds a negative
definite 4–manifold with trivial first homology (see [OS12b]), with intersection form

−1 0 0 0 0 0 0 0 0
0 −2 1 0 0 0 0 0 0
0 1 −2 1 0 0 0 0 0
0 0 1 −2 1 0 0 0 0
0 0 0 1 −2 1 0 0 0
0 0 0 0 1 −2 1 0 0
0 0 0 0 0 1 −2 1 0
0 0 0 0 0 0 1 −2 1
0 0 0 0 0 0 0 1 −2

.
Since the corresponding lattice does not embed in the standard negative definite
lattice of rank 9, we see that the obstruction coming from Donaldson’s theorem can
also be used to show that Y does not bound a rational homology ball. This suggests
the following question.
Question. Does there exist a rational homology sphere Y for which the correction
term obstruction does not vanish, but for any positive or negative definite 4–manifold
bounded by Y , the associated lattice must embed in the standard lattice of the same
rank?
Next we use Proposition 8 to show that the connected sum of the Poincare´ ho-
mology sphere Σ(2, 3, 5) (oriented as the boundary of the negative E8 plumbing) and
the Seifert fibered space Y (1; 3
2
, 21
4
, 50
7
) does not bound a positive definite 4-manifold
with trivial first homology. We label this manifold Z := Σ(2, 3, 5)#Y (1; 3
2
, 21
4
, 50
7
).
Note that we chose this example because the similar obstructions of Owens and Strle
mentioned above ([OS12a] Theorem 2 and Proposition 5.2) do not apply to Z. The
correction terms for each of these manifolds can be computed algorithmically using
results of [OSz03b]. Using the fact that correction terms add over connected sums,
we compute that the correction terms for Z are {2,−4
9
, 2
9
, 2, 8
9
, 8
9
, 2, 2
9
,−4
9
}, where this
set is identified with H1(Z) ∼= Z/9Z in the obvious way. Hence the correction terms
corresponding to the metabolizer are {2, 2, 2}, and so Proposition 8 implies that Z
cannot bound a positive definite 4-manifold with trivial first homology. We do not
know if Z bounds a negative definite 4-manifold.
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